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Al)stract

I(’oI ])llllti~~ti~liat(’  statistical lnodcli]lg  :~l)l)li(:itiol)s, SIICI)  as ]]i(l(lc]i M~l”liOV  ]Iio(lclilig  fol”
S])WCII r(:(qy]itio]l, tlIc i(lclltifi(atio]l  aII(l  ]]l:~lli])lll?ltio]]  of IdevaIIi co]lditio]tal  itl{lq)clt-
(l(I]I(c asslll]]])t)io]ls  (an  1)(’ a Ils(:flll  {001 fo] ]tlo(l(:l-l )llil(lillg and aI]alysis. ‘1’II(TCIIM  l’(!wlltly
l)(wI a (()]lsidc]al)lc  alllOlllIt  of W’01’li  wl)lolili~,  tllr rclati(]lmlii])s  IAw(wl Collclitiol)a]  i]](l(’-
])CI1(lCIICC ill ])rol)al)ili(y  IIIo(lcls alI(l  s(i(l(:t[lra]  ]wo]wrlics  ofwlatd  gIa])lIs. II I  ])alticlllar,



tll I(I scp(17r//io7I  lJr(q)cIti(:s  o f  a  gla])lI  CaII lxI (lirc((ly  rclatwl  to co7t(liiio71(Il  i71dcI)c71(lc71(:c
lwolmti(w  iII a sctl d ass(xiatd  ])rolml )ility II Io(l(’ls.

‘J’]Ic k(:y ]x)il)t,  of ijl]is  ]El])(’1’  i s  t ha t  tll(’  ill]al~SiS  fil Id IIlalli])ulatioll  of II IVIMS (al] 1)(!
fa(iliiatwl  lry (Jx])loitillg  tlIc rda{iol]sl]i])  l.)(’tw(cl I ])](JI  ml)ility  lIIo(lrls  al](l gIa])lIs. ‘JIIIG  lII:Ij(n
a(l VaIIl)ag(IS to lx: gailm(l  arc ill:

●  Mod(!l  lks[:l’ipiion: A  graldlical  IIIO(IC1  ]wovid(vi  a lmtural  aII(l illtllitiv(  IIl(dill]ll  f{n
(Iisl  )Iayillp,  (l(q)cl]dcll(:i(w  wllicll  (xist,  lwt\v(’clI ral I(lolII  varial )1(:s. III ]ml(iclllar,  III(
str?lct?lr(:  of  {11(’ graj)l)ical  lt]odcl Clalifi(,s  tll(’  col)ditiolltll  ill(lc])(:ll(l(’l~(irs  ill {Illc assO
ciate(l ] wol)al)ility II Io(lcls, alkwillg  111()(1(11  ass(wlII(,  IIt aII(l rcvisiolj.

●  <10711)]JTli(lii07L(11°  h~~[icicllc~y: ‘1’11(1 p,ra])l]ical  III(K1(II  i s  a  ]ww(!rful lmsis fol s]wcifyill,q
Mici(’l]i  algoritlll]ls fol (wltll)lltilig  qllallt it ics of illtmwl  ill tl](’  1 )Iwlmbility  II]o(lcl, (’. ~.,
calculatlioll  of 111](’ plohal)ility  of 01 WN(I(l (lat a giv(nl tlI(I  IIdcl. ‘J II I(W(: i]lf(wllc(’
algoritllll)s  cal] 1)(: s])(:ciflcd  alltollt;lticillly  OIIC(I tll(’  initial sh~lctllre  of  tllc gIa])lI  i s
(1(’tcllllil](xl.

\lTc mill  refer to 1)(){,]] 1)101 ml )ilit  y lII()(l(Ils  alI(l p,ral)ltical  lIIod(Ils.  J’kiclI (:ollsistjs  of s/7//c-

f’(/7”(!  :llld  ]M17’(/?/LC/C7’S. ‘J’]](:  st,lll(;t,urc  of {,llc ]Ilo(lc]  (ollsists  of t])c s])ecificatiol)  of a set of
co?ldiii(n)(ll  ifI(lcIJcT/(lc:?I{:c  7cl(Jti(HIs  for tl)c I )101 Ml )ility 111()(1(11,  01 a set of (7//iL$si?/,f/)  cd,qcs  i] I
tll(! p,l’a])h  fol’ tll(’  gl’a])lli(:al  1110( 1(!1. ‘JIIKI  ]Eira  II I(4crs of 1)(){]] {II( ]Mlml  )ility  aIId ~,Ia] dlical
II Io(lcls consist of’ tllc sj)ccificatiol]  of tJIIC joilll  1 )Iol  ml)ilit~~ (lishil )Iltio]l:  ill f’a(:tolwl  follll  f(n
tlIc ] molmbility  lnodcl and d(’finc(l  locally  ()]I t 11(: IIo(l(w  of Illc gra] )]] i]] t IL(: gra])l]ical  ]])()(1(’1.
‘J’llc 771,fcrcTLcc  ]) Iol)l(IIII  is tllai,  of tlI(! cal(ul:lt ion of ]xmt (,liol ])rolml)ilitlics  of valial )Ics of
illt(wst ~,iv(vl 01 Exlval)l(I  (lata aIld giv(’11  a sl)(,(ifi(’iitioll  of tllr ])Iol ml )ilislic  II I()(IcI. ‘J’l]c
](’lilt(’(1 t{isli  of MA 1) i(l(~tLtiji(:(/tio?L  is tll(~  (lot  (~llllillatioll  of tlI(I ]Itost  lilw]y stat,(’ of’ a set of
III IOINCIW(l  varialllcs, giv(’11  OIXWIW(l  varial  )1(’s aII(l tlIc I )101 ml )ilisti(  1110( 1(’1.  ‘J’11(: /c(/??/i?Lfg
(w csii77Lo/io7/ ]nol)lcln  is tllatj  of dct(!llllillillg  tl]c ]mlall](:t  m’s (aII(l ])msil )Iy st,lllct,lllw)  of {11(!
])101  ml )ilisti(:  IIlodcl  flwll (Iata.

‘1’llis ]m])m lcvicws tlIc a])])li(al)ility  alt(l Iltility  o f  ~,ra])l]ical  IIl(xl(lillp,  to llMMs.  S(K-
{i(n] 2 il]tro(luccs tllc lmic IIoiatiol]  f(w 1)101 ml)ilitj~  II IOCI(:l S alI(l  associalc(l gIa])ll str(lctul(w.
Fk:ctiol) 3 sllllll]]arizcs  rdCxJa  IIt rcs(lltls  froll] tl]c litcrat  (11(: oli ])lol):~l)ilisti(  ill(l(:])(:l](loll(c  IIct-
\\~()]lis (oI. 1 ‘INs for sl~ort), ill ])articular,  tllc r(’]at io])sl]i])s  \vllicll  (xist  l)ct[v(w] sq )aralioll
i]] a gra])l J ali(l  co]]ditio]lal  i]l(lc]w]](l(:]lc(:  ill a ])rolml)ility  lllo(lel. Sc(:tioll  4 illtcl])lcts  tlI(’
st, all(lard fiIxLoIxlcI  11MN4 ill tcnlls  o f  l’l NTs. II I  Sc(tiol)  ~) tlIc staII(laI{l  algoritlll)l f(n ill-
f(wll(c ill a dilwt[!(l 1 ‘IN is disnwsd aII(l a]y)li(xl to tll(, stalldald  1 IMM ill S(x:tioll  6. A
r(wlll, of illtclwt is I]latl tlIc 1“-11 alI(l }Jitcrl  )i al~(nitlllns  arc slI(wlI t o 1 )c s] )ccial  (as(:s of this
illf(vrllcc alg(nitlllll. Ekctioll  7 slI(nvs  t]mt tl]c illfcl(ll(:c  al~olit,l]ll]s  for ull(lilwt(’(1  1‘1 Ns aw
(ws(’lltially  tl]c SaIIIe as tll(mc alrca(ly (lis(llssc(l  lo] (lil(:(:t  (’(1  1‘1 NTs. Swti(nl  8 iliro(l~l(w  11101’C
COIIII  )IPX lIMM strll(:tuws  for sIxw(lI II lo(lclillp, aII(l al]aljv,(’s 1 lICl II Ilsillp,  tllc gia])lli(al  Ino(lcl
fialtl(work.  Ek’ctioll  9 l(wicws  l<lIowII  (Istililatlioll  results for p,ra])lli(al  II Io(lcls aIId discusses
tllcil  ])ot(’lllial  ill]])li(:a(fiol]s  for ])ractica]  l)lol)lcIIIs  ill tl)(’ (wtilllatioll  o f  IIMM strllctlllcs,

,.al)(l  SrCtl  IO II I O col)t)all]s  SUl II II IaIy IuIIarks.

2  Notation and 13ackground

] ,~t 1] : {~], ~?, . . . . ~A} ]’(!])](’s(’l)t a $i(’t (d (Iis(’1(’tc’-lralll(’cl  ra])(lolll  varial )lcs. 1“01” tile
])111] )oscs of tlllis  l)a])cl  wc r(~st]ict  our att(nlt  iol) to (lisclct  w\7a111c(l  lalIclOIIl valial )1(’s, ll(w-
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ever, II IaIIy  of 11)(:  rcsult)s  stated g(mrralizc directly k co]]ti]]uous a]]d IIIi Xd sets of raIIdOIII
vdrid)lcs  (1 ,auritfzcl]  aId WCIIIIIItJJI  1 989; Wl)ittakcr  1 990). 1 d knvu  case XI deIIde  OIIC
of tl)c \vilIIcs  of variabl(!  XI: tlI(!  llotatiol~  > j,, ~ is lakclI  to II I(:aII llIc SIIIII  ovu all ])(wsil)lc
v a l u e s  o f  XI . 1 d I~(x7) lW slIoItlIaIId  for tllc ]mr(icultir I Hol ml)ilitj’  I)(X~ I :/:7), WIICNWS
j~(X7 ) IP1 )IwxIIIt,s  tl]c ])lolml)ility  fullc(iol] for .l’~ (a t al)l(’  of val IIcs , sillc(,  Xi is ass(lllld
(Ijs(rct,()),  I < 7’ < N. ‘]1]1(’ fill]  joint distl”i])lltioll  full(”(ioll  is j~(lJ) = (~] , ~Y, . . . . .~*) allc]
I)(n) ‘ (2], 22, . . . ,O:jv ) dwIotcs a ]mrtliclllal  }WIII[ assigllll}clll  fb] U.

If A, 11 :111(1 C arc {Iisjoil]tl  SCtS Of 1’2111(10111 \rill’i:ll)l($, tJI(’  col)(litio))al  ill(lc])eltclcl)(r  Ida-
tioll A .1 I;IC;  is (I(:fillcd  SUCI1 tlmt tlmt A is ill(lcl)(’lldult  of 1; giwll  C;, i.e., I)(A, IIIC;) =
])(A l~;)]~(l][(~).  (k)llditiollal ill(l(’])(:11(1(’ll(t: i s  sj~lljll)ctlic. N o t e  also that II]algillal  ill(le-
l)(IIIdcIIcc  (IIO ~ol](lit,iollillg)”  d o t s  IIOt ill gcIIclal  ill]l)ly Col)ditioll?ll  ill[lc])(’llcl(:l)ce,  IIOr (IOCS
(wll(litiol)a]  il]dc]wlldcllcc  ill gcl Irral illl])l~~  IIlarp,illal  illdq)clldcllc(!  (WTllittali(’l’  1 990).

W7it,Jl aIIy set, of IaII(lOIII varial)lw  IJ wc CaII associate a gra])lI G {Icfi]]c(l  as G’ = (V, 1+;).
V dc]mt,w  fil~ sd of vcrticcs 01 IIodcs  of tllc p, Ial)lI  SIICII  tl]at 1 lICIC is a oIIGt,woIIc  IIla])])i)lg
I)ctwwl] tl]c lIodcs ill Lllc gra])lI alI(l tllc ralI(lolII  varial)lcs,  i.e., 1’ = {Xl , XZ, . . . . XNI }. I;
(lcllot!(’s  tl]c set of (’(lg(!s,  {c(i, j)}, Wllcl’(!  7 and ,7 :11’(’ Sll[)rtllall(l  for (,11(’  11[)(1(’s xi slid X,l,
I  < i,.j < Al. l’klgcw  of  tllc forll] c(i, 7’) arc IIot of  i)ltercst a]](l tlllls  alc IIOt allo~vc(l  ill IIIC
~,la])lIs  dis(llssd  ill this ]x1])cI.

I f  tl](: c(lgcs  aw ord(vwl suc]l {I]]at  c(i, j’) ]Iwal]s  t ha t  tlw (Klg(I is (lir(~(t(’(1 fro]t] ]10(1(!  i
to IIOCIC j, i is a IM7c711, of its clLzld  j. AI I (171  C(:SI07  of”  IIO(IC  7’ is a IIO(l(J \\rl)i(ll  lIas as a child
citl]cl  i OI allotllw  allccstor  of i. A sul H(It of ]]o(lcs  A is all  (171ccst7(Il  SC I if it colitaills its
(WII al Icvst,oIs. A (Ics(:cndal)t  of i is {h citl)(’1  a cllil(l  of i 01 a cllil(l  of a (lcs(eIIda  IIt of i.

‘1’wo IIO(lCS i aIl(l j arc adj’acc?li  ill G if 1; (olliaills  tl)c Nlgc r(i, j). A IMfli  is a SNjIICIICC
of (Iis(illc(  IIodcs {1, . . . . 711 } SUCII that ilmrc (xists  all c(lgc fo) cacll  ])air of II()(lcs {1, 1-1 1 } 011
t]lo ])at]i. A gra]dl is si7Lg1y-[:c)7L7L(!c:ic(/  if t] Icr(I (!xists oIIly OIIC I)al]I ])(!twwol] alIy two II()(lw
ill tlIe F, IaI)lI. A cycle is a ])atll SIICII  tllc 1)(’gil)llil)p,  alI(l cllclillp,  II()(I(IS 011 tllr I)a III aw tlt(~
saIIIr.  A {Iiwctd  cycle is a cycle of dilcctd  wlp,cs w’lli(l]  all ])oil)t ill t IIe SaIIIC (lilwtioll.

I f  11 (olltaills  OIIly  u]lclircckd  dg(w tll(ll tll(: gra])lI G  i s  illl I171di7cctd  gTof~/I  (1J6’).  If
1’; (milaills  olIly (Iircctjc!d  edges al]d II() dir(’(t(’(1  cycles, t lIcl I G is al) oc~ycli(: di7ccicd  g7{I]jlI
~Al)(7’). If l; co,,tai*ls a ,])ixtllrc o f  direct ccl a,lcl ll]lcliwctwl  C(lgw, t] ICI I ii is r(:f(vrc(l  to
:Is a IIti:[:cd 07 clIaiTI gIrIp}L Wc IIotc i]) ]mssillg  t]lat  tllrrc exists a tllroly for ,qIa])lli(a]
ill(l(!])cll(l(:llc(:  li)odc]s ilndvillg  IJlixd gIa])lIs  (T1’llittak(’r 1 990) I)llt II)ixwl  p)ra])])s  Tvill lIot
I)c (lisc(wc(l  fultllcr i]) tjllis  ] )a])m.

III)r  aII IJG G, a subset, of I1O(ICS C SCIM1701{JS  Iwo otl]rr  sul)sct,s  of lI()(les A all{l  11 ii” (nwy
l); It,l I joi]]i]lg every l)air of IIo{les  i c A alIcl j c 1; co]ltaills at least OIIC llodc fwl~l L’. l’c~r
Al )(; s aJJd ]J]ixed gra]JIM p]]alagoms;)l  )u{ so]l]c~vl]at  II IOH: (()]t]])li(:lt((l , sclmrat,iol]  ] )Io])rrlics
mist.

A (yclc is cllo?dlcss if 110 OIIICI  tlIalI sll(r(’ssiv(:  ] )airs  of IIOCICS ill tl)(  cy(lc aIc acl,ja(wlt.
A  gral)l) G is {Ti(IT}{JtIlot(:(l  if aIld 0111-y if tl)e OIIly cl)or(llrss  cycl(:s  ill tl)(: gIa])lI cm]t ail)  II( )
11101’(” tllall 1!111’(’(!  llO(ICS. ‘1’lIlw, if’ 01)(: (alI fill(l  a (lIor(llcss  Cy(:l(’ of l(ntgl 1] follr 01 lIIore,  ~; is
IIOi tli:lll~lll:ilc~(l.

A gIa])lI ~: is co?)~p~clc  if t]](w) arc dp,cs  I wiwcm] a]] ]mirs of Ilodcs. ‘I’l Ic cliqvcs of G aIc!
tJI(I  laIg(!sl  sIll)RIaI)lIs  of G Ivl)icl)  aw coIIII)lde. A ciiq~l[: I?w for G’ is a tree of cli(]~lcs  SII(:II
tll:it tlIcIv  is a olJc-t{)-olIc  lIodc (C)ll(’sl)olI(lclI((I  l)ct ww)l tljc (:liqllcs  of (; aII(l t lIc IIoclrs of
t’llc tl’cc.
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{x,, x2, x4, ~6}l{~3}

3 Probabilistic 1 ndepcndcmcc  Networks

3 . 1  ll]ldircdd  l’robabilisl,ic IIICIC:IJ{:IICIC:IICC:  Ndworks  (lJI’INs)

A  lJI’l N is coIII])osd  of bot]l a lJI’IN S(III(tIIIX, aII(l IJ1’IN ]HiIal IIdcIs.  A lJI’IN st7v/cfu7r:

s] )( ’cifi(yi a set of (:ol]ditio]lal  il]{lc]w])dcl)c(’  1( ’lati(n]s f(n a ])]olml)ilitjy  ]II(K1(’1  i]) iJIc f(n]ll  of
:111 ‘1/. ?/di7’c(:ld  gra])ll. 111 ‘IN )M17’(I?ILcIc7’s (’()] lsist  of ]Illmcri(”al  s])r(’ifi(’:]liolls  of a ]mrt i(dar
])101 )al )ility II Iodcl co]lsistc]lt  wit]l tJle lJl’1 N stnl(t[lrc. ‘JkIIIIS  Ilsc(l  ill tlI(L li{(~ratl]re to
(l(w]il)c(l  lJ1’I NS  of OIIC f(n]]l 01 a]lotl](’]”  illclll(lc  MaIkOV IaIIClOIII fi(’l(ls,  h4:i)li{)\~  IIrt WWII:S,
lk)lt~j]l)a])l)  II)acllilm,  and log-lil)ca]  lIIo(l(’ls.



3.1.1 (;onditiona]  lndc])cmdcIIcc  Smnant,ics  o f  lJI’l N St,ruciUrCS



(2)

(i



l~ip,(,rc  3: ( a )  A  I)I)IN str(,cturc  6’1) Jv]li(,]] (’il])t,lll’(,s [~ S(’t,  Of ili(l[)])(’ll(l(~llt:(!  1{’l:lt,ic)l)slli])s
alllo))g lJIIV S(’t! {x] , . . . . x:)}. }$01’  (Mll)])lc>  X4 .1 x] 1X7.  (1)) ‘III)C 11101’;11  ~l”a])ll  GA’ fol” GJJ,
W]l(!l’(:  tll(’  ] H1l’C]ltJS  of X4 llaVC 1)( ’(!11 lillli(!d.

3.2.1 Cond i t iona l  1 ndc])cndcncc  Scmallt,  icx of 1)1’1 N St,n]ct,urcs

7



(a) (b)

l~iglll”c  4: (a) ‘J’])(! 1)1’IN Stl”llctlll’(’  to Cll(’()(1(’  111(’  f’?l(’t  tl}at x:{ (1(’] )(:1)(1s  011 x] :11)(1 X2 1)11{
x] J .X2. 1“01’  Cxaln])k’, CX)llsi(lcl’  t!llat  x] a))(l  X2 al’(’  t\\K) ill(k’])(’ll(k’llt  c o i l )  fli])s ?111(1 t h a t
Xs is a lxdl wl)ic]]  ri]]fy wl]cII  tll]c fli])s arc! ll]c saII)c. ‘J’l]c]’c  is IIo ])clfcc(  U] ‘INT slIwclIlw
wllic]l  call  c]]codc  tl]esc  dc])cll(lcl]cc  rclatiol]slli)  w. (1,) A  lJ1’lN  str,,ct,,rc  ~vl)icll e,)codw
Xl -1 X4 [{X2, XS} and Xz .1 X~l{X1 , X4}. ‘J’llr]c  is 11o ]x]f’cct  1)1’IN st,r~lctllrc  wllic]) call
C]]CWIC tllcsc dc]wl]dcllcics.

3 . 2 . 2  l’rol)abilit-y  l’hnctions  on 1)1’INs

A lmic ])ro])(,rty of a l)l’l  N S(IIIC!LIW is tl)at  it i]]l])lics  a dil(,ct f:~(tc)]iz~ltio]l  oftll(’joi]li
l)]ol)al)ility  (Iist]il)[ltio]  l})(n):

3 . 3  l)ifl”cwalms  l)cllwcc]]  l)irccld all{]  Undircctd  Gra])llica]  l{c])l>cscllta-
tions

It is  ;III i]l]l)mtal)t  l)oillti that (Iiw(tcd  all{l I]ll(li]c(twl gral)lIs  l)oss(ws (liffmc])t  (m)diti(n]al
i]](l(’l )(:] ](le])cc:  so]]l antics.  ‘I’l JcIc arc (:ol II II IolI  (:oll(litio]ltll”  il)(l(~])ell{l(:ll(”.(,  ]elatiolls  wflli(ll llavc
])crfc(t, 1)1’IN strllctuws l.)llt  ]]0 ])crfcct, lJI’IN stlucttlrcs a]]d vic(!-versa (SW l~igllrc  4 fol
CXalll])lcs).



3 . 4  ]“mm ] )1’INs  to (] )c!c[)III])c)szt]  )]c) UI’INS

4 M o d e l i n g  13MMs as  PINs

4 . 1  I’INs  for IIMMs
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(a)

ON. ] ON

—1-.-1
(b)

l’i~[]rc 5: (a) ‘1’11(’  I’IN stluct,urc  for II MNI(l ,1) (1)) A cc) II(Is])OIIcliII~  jllllctio]]  tIw.

‘J’l]c wrll-kllowll  silnl)](!  f irs(-order llMi14 ol)cys t II(! f’ollowi]l~  t\vo (Oll(litiol)a]  i)l(lq)cl~-
(I(:])cc  r(!latliolls:

W(! will rckr to t,llis  ‘( fiISt)-OI(lCII’” IIi(l(lml Marl<m ]Jlolml)iliiy  ]J)o(l(!l  as lliVlh4(l  ,1 ): tllc
]Iotatlia)  II MM(l(, ,1) is  defined suc]l tl]}at  tllc ll]o(lrl  IIas state li]c]IioIy of dq)tll A- a]]fl
cm Aail IS J sq mratc  u] ldcllyil )x stat(!  1 )roccsscfi. ‘J1l IC IIotatiol)  will I)(I  cl(:am ill lat,m sccl,im)s
W])cl) ~\w CIiscllss  s]wcifi(: cxaln])l(w  wit]) A“, .J > 1 .

<;[)llsllllc(io)l  of a I’IN for llMh4(l,1  ) is ]):ll(i(:ulally  sill)])l(’. 111 111( Illl(lircctr(l casr,  as-
sllll)l)t,ioll  1 rcqllims  tll~tl  (!~lCll  St,~t,C  }1; is Only (’O1ll)(l((,(!(l  to }17. ] fl’olll  111(!  S(’t  {11] , ~~j  , . . . . IIi. 2, oi. ~, (_)i.  ] }

Asslllll])tiol)  2 rcquims  ll)~t Oi  i s  OIIly COIIII(ICt(Xl  to 112.  ‘J’11(1  rcsulti])g  111’1  N st,rllctllrc fhr
llMhfl(l ,1 ) is slIowII  in 1+’i~urc La. ‘1’llis  g]a])l) i s  sillgly-(ol)llcctc(l  al](l  tlllls  iln])lifw  ;i (lr-
(’()]1)])()S;11)1(!  l))olml)ility  111[)[1(11 j) f’ol”  II NOM(l ,1 ) , W’11(’]’(!  111(!  (’li(]ll($  al’(’ of {,11(’  fol’111 { IIi, ~ji}
:111(1 {]17. ] , 11;} (h’ig(lrc 51)). III Ekx:tio]]  5 W( Tvill S(T lIowr tl]c joil)t, ])rol)al)i]ity  fu]l(t,io]i
Cal) 1)( I Cx])mssd  as a ])ro(lllct  f(ll)ctiml  01] tl)c ,jll]](:lio]l  tree, tl]lls  1( ’a(]illg  t () a jll])(tio] I t,r(’c
(l(:fillitio]]  of tl)c fallliliar 1“-11  alI(l  Vitcrl )i illfklrllcc algoritllllls.

I{’()]  tl]e diwctcd  case tlic cc)llll(’(ti\~iij~  for t II(I 1)1’IN st lll(tlll(~  is t II(’ saIIIc. 1(, is II: ItIIIal

to CllooS(!” {11(’  (Iilcctiol)s  01] tll C (!dgcS l)(:t~f’(!(’11  IIi. 1 :111(1 11~ as  goi]lg  frolll i - 1 107’ (all,l]ollgll
tll(’  revuw cliw(:tioll  could also l)C cl]osc]]  writ II(nlt cl)allgillg  tllc MaIkov l)rol)crlics o f  t,l]c
gl’:i])l  l). ‘1’11(’ (liwctiol]s 011 tll C (’(lgC!S  l)(!tl\T(’11  11, all{l ()~ l])llSt 1 W CI1OS(’1)  21S p,oillp, f’1’0111  11.j
to <)7 1’21{11(!1’  tlla]l  ill tllc I’CW]’S(’ directio]l (1’’iglll(’ 6:1). III lcversc (1~’igllrc 61)) tllc a]]mvs
w’ollld  i]])])ly llIat  Oi is lnargillally  iltdq)cl)(lclll  of lf~. 1 Ivllicll  is not III](: ill {IIC II NIM(l,1  )
])rol ml )ility  ]I]o(lc]. ‘1’llc ])ro] )Cr di)cctiol] fcn L]lc (I(lgcs  il]]l)li(’s  tllc colrcct  rclati(nl, IIa III(ly
lII;]I  <)i is (OTI(jii~(jTIOll~/  i71d(!Jl(!ll(l(  ’/l/ of ]]7 . 1 /)iV(’ll  IIi.

‘J’IJc 1 )1’1 N stIuctlIIr  for IIMM (1,1) dots IIot ]msscss a SU1 )gra])]]  with llc)ll-:~(lj;l((:llt
l):lr(’llts.  As stat (d ea r l i e r  this illll)li(w that  tll(, ill I])li(!d ill(l(])(~ll(l(,llc(,  ])ro]wrtics of tl]c
1  )1’IN strllctulr  arc tllc SaIII(J  as tlIosc of tllc (:oljcs])oll(lillg”  lJ1’IN StILI((IIIC ol)laillc(l  ly
(llol)l)illg  {11(:  (Iirmtjions  fmltl  the (Idgcs ill tl]r 1 )1’1 NT stlu(’tllrc, alId {1)11s tl]cy l)otl) lwlllt ill
tll(’ saIIlc jlll)(tiol~  twc structure  (1’’ig(llc  51)). ‘I’l I\w, f’m tlw 1 IMM(l  ,1) l)ml)al  )ility II I()(IcI,
tl]c lni))il]la]  (Ii]wtml aIId lll](lirwtc(l gIa])lIs ] )oss(’ss tl)(’ SaIIIC ilflaIl<ov  ])ro])(’]tics,  i.e., i)]]])ly

1()



111

0.2 ON. 1 ON

L-1--J
11]

02

J
112

(a)

](’igu]’(:  6: ])] ‘IN Stl’ll(:tlll’(!S b’ 11h4h4 (] ,] ): (a) t])() 1 )1’IN St l’ll(:tlll’(’ f’()] t]](:  11 h4h1(1  ,] ) ])10] )-
al)ility  II IOCICI,  (1)) a l)l’INT  s(Iwctuw  wl]i(]) i s  ])ot a 1)1’IN struct~llr  for tll(: lliVINl(l  ,1 )
]JIwl ml )ility  ]no(lcl.

il]c sal]lc collditiol]a]  illdq)cll(lcllc(:  relations. 1“1111  ll(’rl]]OlC)  l)otll 1 ‘INT strll(:tllr(w  a]c ])c]fc(t
l)]a])s  fol tl]c (lire(tc(l al](l  Ill](lillx”t(xl  cas(w ](,s] )(,(tiv(’ly.

4 . 2  ]IIfcI’cIIcc  and  MA I’  ]’]’ob]a]]s  i I) 1 ]MMs

III tlJc wlJtcxt  of llh4h4s, tll(: lt]ostl  colIIlit(m il]f(wv]c(’  ])lol)lml)  i s  tl]e cal([llal,ioll  of t]l(:
likclilloo(]  of tll]c olmrvcd evi(lellcc  ~iv(’1) tll(: ]tlod(!l,  i.{ ’., ])(oI,  . . . . o~f /1110 [1( ’1), W’llcl’c tll(’
0]>..., ON C](’I  10tC 01 )SCI’V(!(l V:I1lI(’S  fol” ~)] , . . . . (),N.  (111 this sc(:tio]l  we IVjll ass(llt)(,  tlmt,  \v(’
ar(! (Iralillg  wjtl] 01](’ ])alticlllal  1)10(1 (’1 w])(w)  11 1(o strucl)ul(:  al](l ]mrall)(:tcls llavv alrca(ly
l)CC]I (lrtcll]lillc(l all(l,  t,lllw, wc will IIot cx])li(itly ill(li(a(c (ollditiollillg”  01) tll(’  l)lo(lel). ‘J’11(1
‘(l )1’111(! fol”(:c’” I]lctllo(l  for (Jl)taillil]g  t h i s  l)lolml)ility  wolll(l 1)(’ 10 sill]}  out, tllc ll]]olw(’r~wl
st,atc \wlial)lcs fro])]  t,]]c full joint,  ])rolml)ility  dist]il)llt  ion:

])((JI,...,ON) = ~ ],(lJI,(,I,...,llAI, (,AI) (6)
/1, ,...,  hjy

wlI(vc //j  d(q]otrs  t,l I(: ])ossil)]c  lwlucs of IIi(l(lcl) varial)lc  11~.
Al]otll(’lill fc~oll(:{!(:al(  :lll;itiO1l  ofil)tc’I’{’stjst  ])c)cti] clllfltjoll”  of~)(//~[()],...,()AT),  forallyor

all i, Iiall](:ly,  tll(:])lol)tll)ilit~~ofti”  ]):llii(llltlllli( l(l(’llst?i tc\alll(’gi\cll  tll(’olmlwd  cvidel~cc.
IIlf(:njllg t])c ])ostcriol’  s t a t e  ])lol);ll)iliti(’s  is Ils(’f’111 w])(l) tl)(’  s t a t e s  llaw (lil(’(t  ])l]ysical
il]trl])lcttitiolls  ( a s  ill falllt,  IIlollii(njllg  a])])li(tiolls  (Sltrytll  1994)) al)(l i s  also illll)li(itly
wqlliw(l  (llllill~ll](:stal](lal(l  llalllI1-WTCICl I 1( ’iil’llillp,  algo]itllll]  f(m llh4h4(l,l).

1]] ~,(]]c]al,  l)otll)  of tllesc (olt]])llttitiol)s”  s(:al(’  as 71/A’ ~vll(w 7// is tl]c IIUIII1.XT of stal(w
for (w(:II IIiddell valial)l(!.  1]] ])lacticc, tlJ(,  1“-11 al~oljtlllll (1’mitz 1988;  lial)il]rl  1989) call
])olfcwltl  t,llcsc  il)fclmjcc  mlclllatimis  \i’jtll  11111(:1]  l(w(’1’  co]tl])lcxily,  l]alll(’ly  AT71/z.  ‘1’hc lili(!li-
1]0()(1  of tl)(!ol)s  (:l\~(’(l(!\  ~i(lrllc(” (:wl 1)(’ol)taill(xl  w’jt]l tll(’for\val(l stc])  of t,ll(:l’-ll al~olit,l)ll~:
(al(lllati(n)  of tl]c s t a t e  ])ostcliol  ])lol)z~l)iliti(s  r(,(lllires  l)otll  f(mwald  al]d lEIck\val(l  stc])s.
‘J’]](’  1~-11 algorit]llll r e l i c s  01] a ftl(toli~,?ltioll”  of tll(:joil)t  ])rolml)ility  function  to ol)t,ail]  10
(“ally r(xnlrsivc  IIl(:tl)(ds  01](J of tll(: kcy ])oilkts  ill ll)is ]m])m is that tllc gra])l]i(’a]  lllo(l(’lill~,.,
a])])roa(’1]  ])rovi(lcs  al] auto7/L(liic  ll)(:tlto(l  for (1(’trrlllilli)lg  sllcl)  local cf[ici(’l]t  fa(’i,oliz;itiol]s,”
f(n all arl)itrary  ])rol)al)ilistic  l)](xl(!l,  if c:jji(:ic7/i  ~(/c:fcJ7iz(lii(j7/s  mist gi\’(:11 tllc <;1 rclat,iolls
s])ccifiwl  ill tlic ltlo(lc].

11



5 Infcxxmcm ancl MAP Algor i thms  for  I“)PINs

] . ‘J’ltc {:cj71s/I’?/c:ii[j71  sk!l): t]lis,, il]vo]v(?  a Scl’ics of sill)-stc])s ~v]lerc t]}c ol’i:,illal  (lilrc(cd
gra])l]  is l)loralixe(l  and t]iallglll;lt(:{l,  a jllllct  ion tree is fonllcd,  all(l tlt(’  jllnctiol] tlw
is initialized.

2 .  ‘J’]](I  ])70])(1{/(Itic)71  stc]):  t]tc jullc(ioll tr(’(’ i s  Ilsc(l ill a  local  1]1(’ss;l~,(’-]):]ssillp, ]IIalJ]Icr
to ])ro])agatc il)c cfl”ccts  of olwcrvml cvi(lellcc, i .e. , to SOIW tl)v illf(wllcc  a]]d hlAl’
])1’01)1(!111s.

12



(a) (h)

(d)(c)
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(7)

At ll]is ])oillt tl]c’jlll)c(iw] tlcc is il]itializc(l. ‘J’l]is olwratioll  ill itsrlf is 1)01 tllatj  Iwflll, o f
II]ol(’il)t(’1(’st is tl]c al)i]ity  to ])ro]mgate  illfbrlt)at)ioll  tllrollp,l]  tllcgla])ll  givcll  Solllc  olEwr\~ccl

wc ~~~jl] i]ll])]icit,]y  asslll  IIc  tlIat,  tll(~ jllll(ti(nl  tl’(’(’  lla S

so t,]]at 1,1)(’  ])ot(!lltial  fllllctiolls  alw t,l]c local II)argillals.

14
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5.3 ],owl Mc!ssagc  1 ‘ro])agalion ill  .1 unction ‘J’rcws lJsi]]g ‘J’l~c  J 1,0 A  lgo-
riijhm

I II gcIIcIal  p(tl) call  lx: cqwsscd  as

(8)



5.4 ‘J’]lc: J 1,0 Algorit,hlll  for l]~f~].~~]]~[!  givm OINCIIWX1  l{hidmcw

(12)

1 J(!t
f“(u):  p(ll)]~gqo”i) ( 1 3 )

LJC

‘I’l Ills,

.[’(11)’ P(ll)x  11 {)(,’(:l”(  ,’). (1[))

)J’!”2+ l’(~)1 (1(i)
x::

ol)c ~cts tl]c ])rolxll)ility  of Illc Olwnwl c\’idcl]cr  (lircct]y. Siltlilally,  if’ol]c llorll]aliz[w  111(’
l)otclll,ial  f~lllctioll  at a clique  to sllltl  to 1 , (JIIc ol)tailm tl]c coll(litiollal  l)rol)al)ility  of tll(!
local  lll)olmmwd  cli(]llc  varial )Ics givcll  tile c\i(lol]cc,  ~~(:1~:  Ir).

5.5 Complc:xit,y  oftlIc:  l’ro]mgalio]l  Sic])  o f  tl]c .11,0 Algo].ilhm

I I I  g(III(WIl, tllctiIll(ccJ  ]ll])l('xit3'Y'()f  ])l()l)tlF,[ltiC)ll  wiillil~  :Ijllll(tioll  Il(eis ~~(}jflcj<$(~~;))
\~7]I(IIv N(: is t,l Ic IIIIIII])CI Of ~]iqllcs  i]) t,]]c jllllc(,io]l  t,rcr al](l  s(C~) is tllr 11111111  )(’1’ of Stat (++ ill

tl~(~joil]t  state-s]mc(’ of Ci (w]ual to tl]c IJlo(lllct  owl (’acl) valial)lc ill C; of tl)e llll])ll)rl  of
states of each variab]c). ‘] ’]ius, fol illfercll(r  to 1)0 cflicicllt,  w(’ l]cc{l to Colwtlllct  jullctio]l
trwswitll  s]llall  c]iqucsizcs.  1'1()1)  lc)t]s( )f'fill (lill~,( )])ti)ll  tlllysl  ll:llljlll](ti())J  trees (e. g., fil](lil)g
tllcjlll]ctio]l  tl(:c}v itlltlJ  (’s)llt~ll(’st  l]laxilt]al  (li(lllc)  awhll’-llar(l.  Nollrtllclcss,  tllc ]mllristic
algoritl)ln  for tllitil)g\llatlic)ll  dcscrilmd {!arlicr  ]]as l)ecll  foul]d to li’ol’li  vdl ill ]wacticc (tlcllscl]
(’1 a l .  1{)90;  .Icllscll  ]995).
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r , .

(22)

(24)

(25)

(2G)

1 ‘rocculillg  rwllrsivcly  ill tliis  lIlallIIcr Oltc fil tally Ol)tilill  S a{ tlIc root clique

f;),, *,(h’. l,~~N) ‘ p(~llw  l,~/A’)d’; ,N)

flolIi wllicl]  OIIC CaII get tflJC lik(lillood of tlic cviclulm,

p(c) = ])(q’;,*T)  = ~ f:),,hr(~w  l,~,N).
11~. ],IIN
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6 . 2  l~kjuivalcmcm  of IIawid’s  l’ro]mgnlio]]  Algm.itllnl for ldc:ldifyil~g  M A I ’
A ssigllmcmis  and 111(:  Vitmbi  A lgorilhm

(38)

.f(:”c) ‘ ,;)/;:, 1(.+, (’, {u” \ T(}) (w)

<;:: , alp,,,:, j’(d’(,). (40)
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])):i~ ])(}/j, . .. N.(N)(’). (41)
/l],,,,llA1

6.3 1 liscnlssion  of 111(!  l’kluivalc:llcm  hdwcwn (1][: 11 M M  al]d J 1,0 A lgo-
rit)llms
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7 1 nfcrcncc and  MAP Algor i thms  for UPINS



all cflicim}t way of orgal]izills tllc 11’1~ calc(llatiolls all(] illllclits tl]c lat tcr’s guara]ltccs  of
(’oll\Jcl’~(’1l  (:(:.

1’0] IIlix(!d (or chail))  gra])lls, tllc cli(]llc  ]x)tcl]tials  arc i)litialixcd  to co]lsta]lt valuw
al)(l  aw IInllt)i])licd  l)y tfllc a])] wqwiatc  colldi(  iollal  ]nwlml)ilit~~  {Iistlil)lltiol)s  associat c(I wit])
Illc clilwtc[l  links (if any). ‘1’l]c IItargil]als  associat(xl  Jvit,ll tllc Illldircctc(l  li)ll:s  arc t,llc]l
ill(:c)l])ol:ltc{l  illtjo  tll)e cliqllc  ])ot(nltials  l)y rlllll]illg  11 ‘l?.

8 Morc ComplCx H M M s  f o r  S]JCCCII Modding
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‘1’lw llill  IVl(3,1)  gra]d]  is Lrial]gulatct]  as is , alkd tl)lls, tl]c tillw Coltl])lcxity  of tllr ,1110
:Ilgolitlllll  is tlIcrcf’orc  0(A’/,7)/s). II] gcltcliil  a 1 lh4L4(l<,1 ) ~,ra])l]  clcatcs  cliqlltw  of size
()(7//’”) a]]d tllc .lIjo algoritllll]  N1lIS  i]) tillw 0(AT~,7)I’{).

As  t]lcsc  cxam]ks  Sll~~CSt, tllc gra])l]ical  IIlo(lrlillg  ftaltlcwork  l)rwi(lcs  a uscfi]l  f’lalJIc-
~tr{)]]{ f~)l. (:~])]~)lillg  cx(,c~llsiolls  of lli(ldml  hfal’kO\’  1)1 O(lCIS. ‘1’11(’  Cxallq)lcs  also 1 IIak(’ Ck’ar,
1 IOVV’(!V(’l° , t]]at  tl)c .gra])llical  algoritlllns  ar(! IN) ])al Iacca. ‘I’l Ic 7)1’” coll)])lrxity  of llh4h4(l<,l )
will I)c l)]ollil)itivc  for IZIWCI  A-. Also, lIIC ~,(’11(’l”tlliztitioll  of II N4A4(I ,2) to lIh4h4(l,lo  (coII-
])lillgs  of K cllaills)  is illtllii(t,:il)l(:. llccc]d rcscarclJ has tllcrcfore fwwwl 011 ;~])])loxilllilt(”
algoritlll]ls for illfc!rcllcc  in such struct)urw S(’c  Saul all(l JO1’(lall  (1996)  fol’11N4N4(K,l) all(l
Gljallral~iani a]ld Jordan (1996)  a]]d 11’illiallls  al]d IIiliol]  (IWO) for II L4N4(I)K). ‘1’]wsc
autl)ors  l)avc  dcvclo])(!d  al] ti])])l’{)xilll~ltliol~  lllctlmlolo~y  lwwd  o]] IIkcall-ficl(l  tl]cory fro)])
stat,  islical  ])llysics. ~~~l~i]e  (lis~llssi~)l)  of ]IIctII1-fic]cl  a]goritl]]lls  is 1)(’yoll{l tll C S(”O]  )(’ O f  tl]is

lm]wr, it is Wortj]]  noti]lg tlmt tlw gral)l]ical  IImlclillg  frallwwork ])lays a Iwful  role ill tll(’
(l(:\~{:lo])ll](:llt  of tllwsc  a])l)roxilt]fi(iol]s.” l’;ssclltially  tllel]l  call  -fi(’l(l:  i])l)loz~(ll  illlolvcs(l(’?ltill:,
a  sil)]])liflcd  gI’al)l  I for wllicll  tl’a(.tal)lc  alp,()]itll]l)s  arc avail  al)lc , al](l  IIlilliltlixillg  a l)IOl):i-
l)ilisti(:(  lis(l:lll(:(ll  )(:t\$'(:(:lltl  J(`tl:l(lal)l('~,l  ii]) ll:ll](ltl  ](`illtlactz ll)l(:glfi])ll.  ‘I’ll(’ ~l,();ll~,()litl]  ltl
is c: 111 N1 as a slll)rollii]l(’  olI tllc tract al)lc p, Ia])lI  (l~]ril]g  tllc ]I]il]ilt]iztitio]l  ]Jlmcss.

!3 Ixnrning a n d  P I N s

9.1 l’a].amd,m F;si)imat,io]l for I’INs

Asll)clltioll(’(l,a)l  illl])oltzllltf  (!:ltllleoftl)c  l;h4° tll~,olitllll}zl])])li(tl  tol’lNsistllzlt(’:~(11  tc]])l
ill tl]c Sllll]  call  1)(! Coll]])lltcd  using tllc ,11,() illgOl’itlllll.  ‘1’llc  (xlx:ctc(l Suf[iciclit  s tat is t ic  for
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9 . 2  Mo(IcI  Sclcdion aIId Avc]:~gi]]gf  oI>l’lNs

III sol)]c  si{llatiol]s  it is Ils(’fill to IIS(I data 10 glli(l(’  ilIc S(’1(’(tioll  of al) al)])rol)riatc 111()(1(11.
1“(H (Xalll])l(’,  tllc])l’(!SCll(  (: C) fSolllC;  ll’CSc)l”  {11(’  ]11111)1  )Cl”c)f  St;llCS of a IIi(l(l(’1)  l’i]l’ial)l(’  II)aj’ l)C

ill tlolll}t,.  ()]lCI sollltiol]  to this  ])rol)lr]n  is {1](I ]Iaycsial)  a])])lwacll,  ill wllicll  \vc assi~,ll ])liol
])lol)ill)iliti(’s  ~~(f14) {o diflt:w)lt  ]IIOCICIS,  a]](l  colll])lltc  tltcir rclatiw l)(mt(,)ior  l)rolml)ilit,ics
p,il’(:1]  (lata: r

W(! tl)cli  scl(xt t,llc  II)odd witl] tl]c l]igllcst  ])ost(’liol])lo  l);ll)ilit~~,  or awragc tllc ])rc(li(tiol)s
of two or IIIOIX’  lIIodcls wciglltc(l  lrj tllcir rclati~’c  ]x)st(uiol ])lol);ll)iliti{’s.

WIICII  data i s  ]nissillg for c!xalIII)l(’, IIrlI(~II soIII(” varial)lcs  ar(~ llidd(~l) 111(’  (!xa(’t [“olll -
l)l]tlatio]]  of ’tl)c integral  in IIkluatiol]  44 is Ilsllally illtractal)lc. Nol)(:tl]cl(,ss,  silt]l)lrt~])])lc)xi-
IIlatiol]s  to Illis il)tcgral  mist , s(I(:l I as t411c IIay(wiall  lllf(nll~atio)l  <~rik}ioll  (I IIC) (lcscril)r(l
1)-y scllwalz  (1978):

h)Rp(l)/A4) d)f#(Dp, J4)- :]ogs



1() Sunllnary

M l , 1  gratcflll]y  acklmwlcdg(!s  discllssiolls  Ivitll  ~tcfli’11  1 ,allritzml olI il)c al)l)licatio]] of ilI(*

11’1~ algoritlll)l to lJI’INs. ‘llIIC Imealcl}  d(wlil)c(l  ill t,l)is  ])al)cr ~tas Calrje(l  ollt, it] ])al( 1 y
tli(’ Jctl l’m])lllsiol]  1 kil.)matory,  California IIlslil  utlc of ‘Jkcll  JJology, ll]](lr]  a collt  iact wit]}
tl]c INat,iollal  Avlollallt,ics  an(l Sl)acc A(llltillistl;~tiO1l.
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A]qmdix 1: ‘J’hc Vilmhi A1.gcmitllnl for }IMM  (1,]) is a S]~ccial C a s e  o f
IIawid’s  Algoritl]m

(4L)

(46)

(47)
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via c:lllir)  flOWS i]] t]){! SCll C!dlll(’.  ‘1’1111S, tll(’  lll)(l:it(!  fil(’k)l’ fo]” S(’]):11’:lto]”  IIi. I 1 )( ’( ’()] 11(’S

(49)

all(l  tl)is g(!ts al) S[)]’1 d il]to  cliqll(! (11;.  I , 11~) t () ])1”()(11](’C

wl]i(:l] is tll)c result  olI(’ cx])ccts fm tl)c  u])(latc(]  ])otc])tial  at, tl)is  clique. ‘J1l  IUS, wc (al] (Ix])Icss
111(’  SC] H1l’tLtOl’ ])otm]tial  ,~q,l ~ (lIi) rc{’llwivcly  (Viii II;(jllatio]l  54) ?1$

57)

{1)(’

1>1’N) (m)



li(T])ill~,  a IJoilkcr at cad!  Cliclllc  aloll~ tllc fl(nv i] 1 tllc forwal’d dirwtiol]  l}ac’]i  ic) III(! ])lcviolls
cliqll(:  al](l t)llC]I l)aditll’a(killg  along this  list of ]x)il]tors  frolt] tllc 100( clique af’k tlIr collc(-
lio]) ])l)asc  is cOIII]  )lct,c. An altmmtivc a])])roa(ll is to IISC tllr (Iistril)lltc 1)1 Ias(: of tllc 1 )awi(l

algo]i{ltl)]:  tjl]is IJm tlIc sall]c  cfl(’(t,  IIaIIICly,  OIIcc  tlI(, (listril )Iltio]] flows arc Coll]])let c(l, cac]i
loca] cliqw cali (alculatc l)otlI  ilI(I  ]Imxillllll)l  v a l u e of tll(’ cvidc]]cc  liliClill O(){l givc]l tll(:

l)i(ldcll  varial)lw alId  tllc v a l u e s  of LIIe l]i(l(lell vi~lial)l(:s  i]) tl]is ]I)axi]l)ll]]l wl)icli  aw ]o(:al 10
(llatj ])arlicular  Cliql]c.
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